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How This Paper Came 
to Exist 

John Westfall and William Sheehan 
shared a mutual interest in transits, 
eclipses and occuitations, and 
collaborated together on two rather 
massive book projects, “Transits of 
Venus” (published in 2004) and 
“Celestial Shadows” (2015). These 
celestial events have been historically 
important because they have allowed 
accurate measures of the scale of the 
Solar System, which is the fundamental 
basis, in turn, for measures to the stars 
and more distant objects in the universe. 

Necessarily mentioned in both books — 
though not in very much detail — is the 
method devised by the brilliant Greek 
geometer, Arlstarchos of Samos, in the 
3rd century BCE to determine the 
distance from the Earth to the Sun. That 
determination, in turn, is a foundational 
datum to what may be regarded as the 
most remarkable achievement of 
ancient astronomy — the heliocentric 
system. Arlstarchos’ method which, as 
John writes, was “simple, elegant, and 
impractical,” depends on noticing when 
the Moon appears exactly at half-phase 
and then measuring the apparent 
elongation of the Moon from the Sun. 
The Sun being at a finite distance, the 
elongation should be somewhat less 
than 90 degrees, and Arlstarchos 
famously gave 87 degrees. Exactly how 
Arlstarchos came to adopt this figure 
has, however, been shrouded in 
mystery; many authors seem to assume 
he simply pulled it out of thin air. 


In 2012, after numerous e-mails were 
exchanged between Westfall, Sheehan, 
and Alberto Gomez Gomez, a Spanish 
student of mathematics who had also 
become very interested in Arlstarchos 
and had published a preliminary 
monograph on him, the authors decided 
to investigate the Arlstarchos problem 
further. Though nothing certain is known 
of the way Arlstarchos might have 
attempted to measure the angle, or 
even if he did, we brainstormed various 
instruments that could have been 
constructed by the ancients in the 3rd 
century BCE. These were all very 
simple, and far less sophisticated than, 
say, the Antikythera mechanism of the 
following century. With these 
instruments, all three of us made 
systematic attempts to observe lunar 
dichotomies and to determine the 
elongation by such means. (Westfall 
even enlisted his wife Beth into trying to 
determine the time of dichotomy while 
on walks with their dogs, and she did 
find her results improved with practice.) 
By a considerable margin, Westfall and 
Gomez made the most observations, 
and Westfall himself did most of the 
analysis. Though obviously the results 
are necessarily somewhat speculative, 
we succeeded beyond what might have 
been expected at the outset; above all, 
we showed that the 87 degree value — 
far from being pulled out of a hat — is 
fully believable, and that Arlstarchos 
probably actually did make some 
observations. 

The draft that is being published here 
was completed by the early summer of 
2017, when John was already seriously 
ill; he sent it out and awaited comments 
from the co-authors. While Sheehan 
and Gomez were reviewing the 
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manuscript, John died. There was little 
that his collaborators could do to 
improve the draft, which appears here 
as far as possible according to John’s 
last indications. It is certainly one of the 
most impressive papers John ever 
wrote; it makes an important 
contribution to a celebrated and yet 
poorly understood episode of the history 
of astronomy. It seems a fitting coda to 
John’s remarkably productive career. - 
W.S. 

introduction 

Aristarchos of Samos is best known as 
being the first philosopher to conjecture 
that the Earth circles the Sun. (Heath 
1913). As with many ancient writers we 
do not have his actual words but rather a 
reference to them elsewhere: 

Archimedes' Sand Reckoner, “... the 
fixed stars and the sun remain unmoved, 
that the earth revolves about the sun in 
the circumference of a circle, the sun 
lying in the middle of the orbit ...” 
(Archimedes 1897: 520). 

If Aristarchos gave any evidence to 
support his heliocentric hypothesis it has 
not survived. On the other hand, another 
work by him has: On the sizes and 
distances of the Sun and Moon 
(reprinted and translated in Heath 1913: 
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352-411). There may be some 
relationship between the conclusions of 
this extant work and Aristarchos' 
heliocentric hypothesis. 

A Ladder to the Heavens 

His surviving work places Aristarchos as 
a member of a series of philosophers 
fascinated by the problem of determining 
the distances and sizes of the objects in 
the observable universe; a chain of 
thinkers that stretches from before his 
time to (no doubt) past our own. The 
sequence of measurement of distances 
(and thus sizes) has generally been from 
the near to the far; a sequence often 
called the “cosmological distance ladder”. 
The ladder analogy often assigns the 
lowest rung to the Earth itself (i.e., ks size 
which is identical to our distance from its 
center); next up is the Moon, followed by 
the Sun, then further up and up to the 
limit of mankind's ability to make 
meaningful measurements. In antiquity 
only the first three rungs were reachable 
except through guesswork. 

The ladder analogy is rarely carried to 
the question of what the ladder rests on; 
perhaps nothing if all the distances and 
sizes are simply relative to each other. 
We are not satisfied, though, unless all 
the dimensions can ultimately be stated 
in some absolute unit - standardized and 
of a size that we can visualize. Nowadays 
the meter serves this purpose and, if it is 
needed, can be converted accurately to 
many other units - feet, astronomical 
units, parsecs, and so forth. 

We might be deceived into thinking that 
the ancients had a standard length unit. 
After all, the majority of terrestrial and 
celestial distance measurements that 
survive refer to the “stade” (plural, 
“stades”; often spelled “stadion”/ 
’’stadia”; Greek: oxabiov). Unfortunately 
the stade was not standardized so it is not 
certain whether different sources, even in 
what we might call “technical literature”, 
used the same value for their stades. This 


means that the varying values cited by 
different authorities may in part differ 
due to different lengths of their stades. 
The ancient authorities did not state what 
type of stade they used, giving rise to the 
optimistic interpretation that they didn't 
need to because its was understood that 
they were using a standard stade 
(Pothecary 1995: 49-50). Even were this 
the case, any conversion of ancient units 
to modern (e.g., from stades to meters) 
remains uncertain. The cosmological 
distance ladder rests on shaky ground. 

Ultimately the problem of the stades' 
lengths may remain insoluble. When 
necessary, we will be forced to assume a 
constant length, and for conversion to 
modern units, we will use one equivalent 
to 185 meters. (A summary of the stade- 
length question is provided in “Appendix: 
The Elastic Stade”.) 

Be warned that we shall be unashamedly 
anachronistic from here on. We will refer 
to “degrees” although this angular 
measure did not come into Western use 
until Hipparchus, about a century after 
Aristarchos, who would have described 
such an angle, for example, as 1/360 of 
a circle or 1/30 of a zodiacal sign. We 
shall also use trigonometry and algebra 
as simpler and shorter substitutes for 
geometrical proofs. 

The First Rung: The Size 
of the Earth 

There is no evidence that Aristarchos 
measured the Earth's size himself; he 
didn't need to because others had done it 
before him. The sphericity of the Earth 
having been recognized long before, by 
Pythagoras of Samos (c. 570-495 BCE) 
or perhaps one of his followers, possibly 
Parmenides of Elea (born c. 515 BCE) or 
Empedocles of Akrogas (c. 490-430 
BCE), it was natural to want to know its 
size, particularly its circumference. (For a 
comprehensive survey of pre-modern 
attempts to find the Earth's 
circumference see Nicastro 2008.) 


The earliest specific reference, made 
before Aristarchos' time and thus 
probably available to him, was in De 
Coelo by Aristotle (383-322 BCE) 
(Aristotle 1922, II, Part 14): “Also, the 
mathematicians who try to calculate the 
size of the earth's circumference arrive at 
the figure of four hundred thousand 
stades.” The reference is as vague as 
they come; who are “the 
mathematicians”? Archytas of Tarentum 
(428-347 BCE) and Eudoxus of Cridus 
(c. 390-337 BCE) have been suggested, 
in which case Aristarchos may have had 
direct access to their results. 

We don't know how Aristotle's 
“mathematicians” made their 
measurements either. It is logical to 
assume that they used the terrestrial-arc 
method employed by Eratosthenes and 
other, later, measurers of the Earth. 
However, it is conceivable that they used 
quite different methods, either by 
measuring the horizon dip or the horizon 
distance, as described in “Appendix: 
Near Horizons”. Whatever method they 
used, 400,000 stades is obviously too 
large, given any reasonable value for the 
stade. 

The terrestrial-arc method was used by 
several Hellenistic geodesists and its 
principle is diagrammed in Figure 1; 
three such arcs are mapped in Figure 2. 
(“Geodesy” is the science of measuring 
the Earth's size and shape, which is a 
modern term; the investigators 
themselves could have described 
themselves as philosophers, 
mathematicians, astronomers or 
geographers.) 

At its simplest, determining the 
circumference of the Earth by the 
terrestrial-arc method involved five steps; 

• Find two places on the same 
meridian (i.e., north and south of 
each other). 
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Figure 1. Two light rays from the Sun, here assumed to be parallel, strike two terrestrial locations, both on the same meridian and at 
latitudes (|)N and (t)S. AN and AS are the solar altitudes at each place, while 8© is the declination of the Sun. The terrestrial arc between the 
two points equals the solar altitude difference between them. 
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Figure 2. Three sample ancient geodetic arcs: Lysimachia-Syene, Rhodes-Alexandria and Alexandria-Syene. All four endpoints were 
believed to lie on the same meridian; clearly not the case here. The great-circle distances between each pair of endpoints are all greater 
than the north-south distances between the endpoints were they assumed to lie on the same meridian. 


Volume 61, No. 2, Spring 2019 


Page 43 



The Strolling Astronomer 


• Determine their latitudes, (|)n and (|)s. 

• Find their latitude difference, 

A(|) = (|)N - (|)s- 

• Measure the over-land, over-sea or 
over-both distance between the two 
places, D. 

• The Earth's circumference, 

C = D X 360°/A(|). 

The earliest definite application of the 
terrestrial-arc approach that we know of 
was by Dicaerchos of Messana (c. 350 - 
c. 285 BCE), taking the distance 
between Lysimachia in Thrace and 
Syene in southern Egypt. Since 
Dicaerchos was a student of Aristotle and 
Lysimachia was founded in 309 BCE, we 
may take the date of his measure as 
somewhere near 300 BCE, again 
making his result potentially available to 
Aristarchos. 

Dicaerchos assumed that Syene lay on 
the Tropic of Cancer, in 300 BCE at 
latitude 23.73° north. Lysimachia's ruins 
are at latitude 40.58° north. This would 
make the latitude difference 16.85°. 
Dicaerchos, however, took the latitude 
difference to be 24° and the terrestrial 
distance to Syene as 20,000 stades. 
Since 24° is 1/15 of a full circle, this 
yielded a circumference of 300,000 
stades; a result still larger than the truth 
but closer than the earlier 400,000 
stades. (Sarton 1959: 56; Thomson 
1965: 154) The exaggerated latitude 
difference was compensated somewhat 
by an exaggerated terrestrial distance 
(regarding the latter, note from Figure 
JW02 that much of the arc would involve 
estimating sea distances). 

Figure 2 shows the Lysimachia-Syene 
arc, along with the later Alexandria- 
Syene and Rhodes-Alexandria arcs. It is 
clear that the four places involved do not 
fall on the same meridian. Curiously, 
they do fall near a straight line, but one 


inclined about 19° east of south. This 
creates a systematic error in the assumed 
arc distances between the places, their 
great-circle spacing from 3.5 to 6.8 
percent more than their latitudinal 
spacing. 

Circumference results continued to 
improve, at least from our modern 
perspective. Using the Alexandria-Syene 
arc, Eratosthenes of Cyrene (c. 285-196 
BCE) published a result of 252,000 
stades, so it is definitely possible that 
Aristarchos (c. 310 - c. 230 BCE) would 
have had access to the former's result. 

Eratosthenes' project has been described 
in a number of places (e.g., Nicastro 
2008: 25-28, Sarton 1959: 158-164, 
Thomson 1965: 103-105). (It would, of 
course, have been described in 
Eratosthenes' own On the Measurement 
of the Earth, a missing book from 
antiquity we would especially like to 
have.) Syene is described by Eratosthenes 
as being placed on the Tropic of Cancer 
(at 23.75° north in Eratosthenes' time) 
because, on the summer solstice, the Sun 
shone vertically down a local well; Sarton 
(p. 104) and Nievergelt (p. 79) think he 
might have used a gnomon instead. At 
any rate, Eratosthenes found an 
Alexandria-Syene latitude different of 
7.2°, a convenient l/50th of a full circle. 
He took 5,000 stades as the equivalent 
terrestrial distance between them, 
resulting in a tidy 250,000 stades 
circumference for the Earth. 

There are several minor and major 
questions about Eratosthenes' 
methodology. First, his result is usually 
given as 252,000 stades. Apparently he 
added 2,000 stades to his result to make 
the value more easily divisible (e.g., 
252,000/60 = 4,200; 700 stades/ 
degree, etc.)(Diller 1949: 7). We don't 
know explicitly Eratosthenes' value for 
the latitude of Alexandria. (We would like 
to think it was accurate; Eratosthenes 
was the Chief Librarian at Alexandria for 


about 40 years.) Syene, however, is at 
latitude 24.08°, not 23.73°; taking 
Alexandria at 31.20° would make the 
latitude difference 7.12° rather than 
7.2°. Actually, this disagreement is 
relatively minor, just slightly over one 
percent. The fact that the two places are 
not on the same meridian (their 
longitudes differ by 2.99°) would have no 
effect on their latitude difference. 

More serious questions are raised by his 
5,000-stades terrestrial distance. There is 
the obvious question as to what length of 
stade he used, which we'll leave for the 
time being. There remains the question 
as to what line or route he chose 
between the two places. It appears that 
there was a common belief in antiquity 
that the Nile followed a straight north- 
south line through Egypt; “the Nile flows 
from the Aethiopian boundaries towards 
the north in a straight line to the district 
called 'Delta' ...” (Strabo, I, Cpt. 1). This 
gives rise to three possible routes for his 
5,000-stades distance: (1) a truly north- 
south course between the two latitudes 
(788.1 km or 157.6 m/stade; the 
distances given here in kilometers are 
based on the WGS84 ellipsoid, which 
has an equatorial circumference of 
40,075.014 km and a polar 
circumference of 40,007.860 km); (2) a 
great-circle course between the two 
places (841.3 km or 168.3 m/stade). 
Either alternative supposes precise 
distance measurement (by pacing?) 
across the Libyan (Western) and Arabian 
(Eastern) Deserts; the great-circle route 
actually crossing the Nile several times. 
Another possibility is alternative (3): 
Follow the course of the Nile, apparently 
believed to be straight and to flow north- 
south. Indeed, the Nile flood plain was 
already repeatedly surveyed; given access 
to cadastral records, Eratosthenes could 
base his distance on documents rather 
than field work. We have approximated 
the distance along the Nile by adding 
distances on the Alexandria-Aswan 
highway, totaling 1,097 km (Macmillan, 
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Map 194). This gives a ratio of 219.4 
m/stade, an exceptionally high value. It 
also appears unlikely that adding 
together the distances from a series of 
surveys would result in such an even 
value as 5,000 stades. Taking 
Eratosthenes's assumption that the 
distance constituted l/50th of the 
Earth's circumference, the three 
alternatives give circumferences, in order, 
of 39,405, 42,065 and 54,850 km (i.e., 

I. 5 percent too small, 5.1 percent too 
large and 37.1 percent too large). 

Eratosthenes' measurement was the 
latest terrestrial circumference that 
Aristarchos would have had the 
possibility of knowing; we will use it later 
when we need to calibrate his lunar and 
solar sizes and distances. 

Although it was conducted two centuries 
after Eratosthenes, we should mention 
the circumference measurement of 
Posidonius of Apamea (135-51 BCE) 
because its result was close to 
Eratosthenes'. Posidonius took the sea 
distance between Rhodes and Alexandria 
as 5,000 stades, along with a latitude 
difference of l/48th of a circle (i.e., 
7.5°). Thus 48 X 5,000 = 240,000 
stades. (Sarton 1959: 204) To find his 
latitude difference, Posidonius assumed 
that the star Canopus culminated on the 
horizon at Rhodes and at elevation +7.5° 
at Alexandria (Nicastro 2008: 149-151; 
Heath 1913: 344-345); actually in, say, 
90 BCE, taking refraction into account, it 
would have culminated at +1.28° at 
Rhodes and +6.29° at Alexandria, 
making a latitude difference of 5.01°, 
only 2/3 of the value he used. 
Apparently his over-seas distance was 
similarly exaggerated, the errors in the 
angular and linear distances almost 
cancelling out. (Strabo stated that 
Posidonius later corrected his latitude- 
difference error and reduced the Earth's 
circumference to 180,000 stades (Strabo 

II, 2, 2). The 180,000-stades value is 
notorious for being used by Columbus in 


his argument that it was feasible to sail 
westward from Europe to reach the Far 
East.) 

Earth's Nearest Neighbor 

As our ladder's rungs are arranged by 
distance, it is clear that the second rung 
should be the distance to the Moon. The 
Moon moves more rapidly in our sky 
than any other celestial body and when it 
overtakes another body the Moon occults 
it, be it a planet, a star, or even the Sun 
itself in the case of a solar eclipse. 

Aristarchos did not actually compute the 
distance to the Moon; ancient 
authorities, once they had worked out an 
elegant geometric solution to a problem, 
often did not descend to dirtying their 
model by applying actual numbers to it. 

Nowadays we routinely find the Moon's 
distance by bouncing laser beams from 
retroreflectors emplaced by the 
American Apollo and Soviet Lunokhod 
missions, with the resulting distance 
approaching 1-millimeter accuracy. 
Before this, the lunar distance was found 
by measuring the Moon's parallax, a 
method pioneered by Ptolemy (Claudius 
Ptolemaeus, f.c. 130 CE), with 
reasonable results (at least for New Moon 


and Full Moon; see Van Helden 1985: 
16-17). Before that, the size of the 
Earth's shadow during a lunar eclipse was 
brought into play, with a method 
apparently first devised by Aristarchos. 

Fortunately Aristarchos gives us the tools 
we need to quantify his model: 

• A diagram showing the Sun, Earth, 
Moon and Earth's umbral shadow 
during a lunar eclipse. Figure 3 is a 
simplified version of his eclipse 
diagram, definitely not to scale. 

• The apparent diameters of the Sun 
and Moon. Aristarchos states that 
they were equal and also that the 
Moon's apparent diameter was 2°. 
(He gave an angular diameter value 
that was obviously far too large in 
order to demonstrate that, although 
such a large Sun would illuminate 
more than a lunar hemisphere, the 
difference from a hemisphere would 
be imperceptible to the eye. 
Archimedes tells us that Aristarchos 
later adopted V 2 ° as the apparent 
diameter for the Sun and Moon (Van 
Helden 1985: 8).) 

• The apparent diameter of the Earth's 
umbral shadow on the Moon, which 



Figure 3. The alignment of the three bodies involved in an eclipse of the Moon: Sun, Earth 
and Moon; the Moon being located in the Earth's umbra, U. Sizes and distances are not to 
scale. 
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Aristarchos considered to be twice 
the Moon's size. This was clearly a 
naked-eye estimate and is definitely 
significantly too small; the mean 
umbra: Moon ratio for the 23 umbral 
lunar eclipses from 2011-2020 is 
2.695±0.011, which includes a 2- 
percent enlargement to allow for the 
effect of the earth's atmosphere. 

• The Earth-Sun distance in terms of 
the Earth-Moon distance. Here we 
have a problem with our ladder as 
we have to climb one rung higher in 
order to obtain this quantity, What 
we shall do here is to set up the 
lunar-distance formulae so that we 
can easily insert this quantity later to 
achieve a solution. 

Figure 3 defines the quantities we shall 
use in our solution. Because they are too 
small to plot accurately, it does not show 
three angles; the angular semidiameters 
of the Sun, Moon and umbral shadow (as 
seen from Earth), the first two taken to 
be 0.25° and the umbral semidiameter as 
0.5°. 

Then: 

(1) Ru = tan0.5° 

(2) Rs = Ds tan 0.25° 

(3) tanV = (Rs-Ru)/(Ds + 1) = RE-Ru 

(4) Re = (Rs-Ru)/(Ds + 1) + Ru 

Since we set the Earth-umbra (and thus 
the Earth-Moon) distance equal to 1.000, 
the Earth-Moon distance, expressed in 
terrestrial radii, will be the reciprocal of 
RE. 

Note that the quantity D 5 , the Earth-Sun 
distance, appears in several steps in our 
solution, so our final answer will have to 
wait until we determine that quantity. 
James Evans, in his The History; and 
Practice of Ancient Astronomy (1998: 
68-71) uses a somewhat different 


mathematical approach to solve for the 
lunar distance. However, his solution 
requires using the value of the solar 
parallax, which is itself dependent on the 
solar distance. It appears, ironically, that 
we cannot escape the need to first find 
the Sun's distance in order to find the 
Moon's distance. 

Reaching Out to the Sun 

Aristarchos's approach to finding the 
distance to the Sun is simple, elegant 
and, it turns out, impractical. One notes 
the moment when the Moon appears 
exactly at half-phase (“dichotomy”) and 
then measures the apparent elongation 
of the Moon from the Sun. Because the 
Sun is at a finite distance, the elongation 
should be somewhat less than 90°. (As 
Aristarchos put it in his Proposition 6 , 
“The moon moves [in an orbit] lower 
than [that of] the sun, and, when it is 
halved, is distant less than a quadrant 
from the sun.” (Heath 1913: 371.) We 
will call the difference between the 
elongation and 90° (i.e., 90° - 
elongation) the “deficiency”. Figure 4 
illustrates the concept, where D|y[ = the 
Earth-Moon distance, Ds = the Earth- 
Sun distance, E = the elongation and D = 
the deficiency. The mathematics is quite 
simple when expressed in modern 
notation: Ds = D|yi/sin D. 


Observationally, it all sounds very simple 
- outside of the need to note when the 
Moon appears to be exactly at half¬ 
phase, the only quantitative 
measurement is the elongation of the 
Moon from the Sun. (Alternatively, with 
a suitable instrument, one can measure 
the deficiency directly.) Aristotle 
describes the observation: “[Hypothesis] 
4. That, when the moon appears to us 
halved, its distance from the sun is then 
less than a quadrant by one-thirtieth of a 
quadrant.” (Heath 1913: 353) A 
quadrant being 90°, 1/30 of a quadrant 
equals 3° (i.e. the deficiency), making the 
elongation 87°. 

Using the above observation, Aristarchos 
found the ratio of the solar distance to 
the lunar distance by using a fairly 
complex geometric solution, concluding 
that the distance ratio was between 18 
and 20. If we use the formula Ds = D^/ 
sin D, the ratio would be 19.11. 

Actually, on the average, the Sun lies 
389 times further than the Moon 
(making the mean deficiency 0.147°). 

Well, we said the method was 
impractical. First, and most seriously, the 
human eye cannot judge the moment of 
dichotomy to the accuracy required. In 
this writer's opinion, it is difficult to judge 
the time of half phase to at best two 



Figure 4. The Sun-Moon-Earth triangle at the moment of a lunar dichotomy observation; 
the principle behind Aristarchos' solar-distance measurement. 
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hours, during which time the Moon 
moves about 1°. Second, as small an 
angle as 0.147° (about 9 arc minutes) is 
very difficult to measure without a 
telescope to an accuracy of 1 arc minute. 
Since the factor Sine D is in the 
denominator in the formula, a small 
uncertainty in D causes a large 
uncertainty in the solar distance (e.g., D 
= 10 arc minutes, 05 / 0 ^ = 344; D = 8 
arc minutes, 05 / 0 ^ = 430). 

Nonetheless, off by a factor of 20 is 
pretty bad. Also, one would expect 
Aristarchos to have been able to judge an 
angle to better than an almost 3° error. 
He gave us no details for his observation, 
not even whether dichotomy occurred 
with a waxing or waning Moon. Perhaps 
it was all a thought experiment, with 
Aristarchos simply picking a 3° 
deficiency as a reasonable value in order 
to demonstrate his method. 

We do not have enough information in 
order to decide whether or not 
Aristarchos actually made his described 
lunar-dichotomy observation. What we 
propose instead is to make similar 
observations ourselves to demonstrate 
whether or not he could have made the 
observation. 

The Aristarchos 
Experiment 

Assuming that Aristarchos actually made 
a lunar-dichotomy observation, the first 
challenge would have been to measure 
the lunar elongation, or perhaps the 
deficiency directly. If measuring the 
elongation, he would have had to use an 
instrument capable of subtending a 90° 
angle. A “dioptra” would have done this, 
if only because the term is used so 
broadly as to cover versions that ranged 
from ones measuring a full circle (used in 
both astronomy and surveying) to ones 
for gauging small angles such as the 
diameters of the Sun and Moon. (Price 
1957: 591) 


For this experiment, the writer (Westfall) 
constructed what he calls a 
“dichotometer,” a specialized dioptra 
designed specifically to measure 
deviations of a few degrees from a right 
angle. Figure J shows the dichotometer 
with its parts labeled; Figure 6 shows the 
instrument in use, mounted on a triaxial 


tripod so as to lie in the Earth-Sun-Moon 
plane. Except for the modern tripod, 
every effort was made in constructing the 
instrument in using only materials and 
techniques available in Aristarchos' time. 

The instrument was tested at the waning- 
Moon dichotomy of 2016 March 31. 



Figure 5. The "dichotometer", used to measure the Sun-Moon elongation when near 90°. 



Figure 6. The dichotometer, mounted on a triaxial tripod to measure the elongation of a 
waning quarter-Moon. 
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Table 1. Means of Lunar Dichotomy Observations 


Lunar Dichotomy 
Observations Subset 

Mean 

Apparent 

Elongation 

n 

Mean 

Corrected 

Elongation 

n 

Mean 

Apparent 

Ds/D|vi 

Mean 

Corrected 

Ds/D|vi 

All (N = 31) 

89.483 

89.584 

110.8 

137.7 

Waxing Phase (N = 17) 

88.638 

88.754 

42.1 

46.0 

Waning Phase (N = 14) 

90.508 

90.593 

- 

- 

Waxing and Waning Phases 
Weighted Equally (N = 2) 

89.573 

89.674 

134.2 

175.8 



Figure 7. Frequency diagram of Sun-Moon elongations, corrected for refraction, for the 31 
estimates of the moment of dichotomy. Elongations exceeding 90° are geometrically 
impossible and due to observational error. 


Fourteen readings over the corrected 
elongation range 90.25°-89.00° gave a 
mean (observed-actual) elongation of 
-1-0.031°, with a RMS uncertainty of 
±0.133°. (The actual elongations were 
found from JPL's HORIZONS website.) 
The small mean difference of 
observations from actual elongations 
suggests that the instrument's readings 
are unbiased. The ±0.133°-scatter of the 
individual readings is bothersome, but 
was reduced by taking the mean of 
multiple observations; unfortunately we 
have no evidence that the ancients knew 
how to do this. 

The second challenge in the lunar- 
dichotomy method is judging the 
moment of dichotomy. Indeed, 
“moment” is far too optimistic - to be 
correct within an hour would be 
fortunate. Remember that Aristarchos 
had to make his observation in full 
sunlight, with poor Moon-sky contrast, 
because he also needed to measure the 
Sun-Moon elongation. There are two 
approaches to identifying dichotomy, the 
estimation of 50 percent illumination or 
the straightness of the lunar terminator. 
The writer found it much easier to adopt 
the criterion of terminator straightness, 
using it for all 31 timings, 17 with a 
waxing Moon and 14 with a waning 
Moon; they are individually listed in the 
“Appendix: Lunar Dichotomies”, whose 
results are summarized in Table 1. 

A glance at Table 1 raises several 
questions. The first is the difference 
between “apparent” and “corrected” 
elongations. Both types were obtained 
from the JPL HORIZONS website for the 
times and place of observation, but 
apparent elongations are affected by 
refraction and corrected elongations have 
the refraction effect removed. (We shall 
encounter this annoying phenomenon 
again in the “Appendix: Near 
Horizons”.) Our atmosphere acts as a 
weak negative lens, squeezing 181° of 
sky into the apparent 180° of the 


celestial hemisphere. Were the 
atmosphere removed, the Moon-Sun 
elongations would each be a little larger, 
having a marked effect on the Sun:Moon 
distance ratios (compare the last two 
columns). 

Figure 7 is a frequency diagram of the 
individual corrected elongations. Twelve 
of the 31 corrected elongations plotted 
exceed 90° - a geometrical impossibility. 
Such paradoxes happen when one is 
measuring a small quantity whose 
magnitude is near that of its uncertainty 
range, for example a frequent result with 
stellar parallaxes (even the 2018 Gaia 
Data Release 2 includes many negative 


parallaxes). Perhaps it's counterintuitive, 
but when analyzing a group of 
observations, one should not discard the 
“impossible” ones. Doing so would 
eliminate one tail of the frequency 
distribution and, among other problems, 
would bias the mean. 

Both Table 1 and Figure 7 show a 
systematic difference between the 
observations made at waxing phase (first 
quarter) and waning phase (last quarter). 
Fully half of the latter have elongations 
over 90°, while that is the case with only 
5 of the 17 waxing-phase elongations. 
Statistical tests of the differences 
between the means of the waxing- and 
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waning-phase elongations showed that 
the likelihood of the differences occurring 
by chance were 4.58 percent for 
apparent elongations and 5.18 percent 
for corrected elongations. Thus the first 
quarter-last quarter differences appear to 
be real, but are difficult to explain. One 
suggestion is that at first quarter the 
sunlit lunar surface near the terminator is 
mainly fairly bright highlands, while at 
last quarter the sunlit terrain near the 
terminator is largely darker mare. 

To select a “best” unbiased mean solar 
distance from the several in the above 
table, we need to try to be impartial and 
thus to weigh equally the means of the 
17 first-quarter observations and the 14 
last-quarter observations. We also need 
to remove the bias caused by refraction, 
the result being that the Sun lies a mean 
175.8 lunar distances from the Earth 
(lower right cell of table). This less than 
one-half the actual mean of 389, but a 
decided improvement on Aristarchos's 
19.1 lunar distances. 

Nonetheless, the standard deviation of all 
31 of our apparent elongations was 
±2.62°, making Aristarchos's 87-degree 
elongation fully believable - it is indeed 
possible that he actually made his 
observation. 

Others than this writer have applied 
Aristarchos' lunar-dichotomy method 
more recently than Aristarchos himself, 
particularly after the introduction of the 
telescope in the Seventeenth Century. 
(Hoag 1990: 17) (However, the 
telescope was more successful in 
revealing the irregularity of the 
terminator than in better judging the 
moment of dichotomy.) We should 
mention, for example, such figures as 
Thomas Harriot, E (elongation) = 89.1°, 
1611; Johannes Kepler, E = 88.1°, 
1615); Godfrey Wendelin, E = 89.75°, 
1625. (Hoag 1990: 17; see also Gomez 
2014). Arthur Hoag in the 1980s made 
a series of estimates for each of five 


dichotomies, with a final result of E = 
89.9°±0.6° (i.e., mean D 5 /D]vi = 573, 
range = 82 - °o) (Hoag 1990). 

(We need now to admit what the reader 
may already know: the distances to the 
Moon and Sun are actually variable (the 
Moon's distance varies by ±3.5 percent, 
that of the Sun by ±1.7 percent). Yet we 
have treated them as constants. Given 
the large uncertainties of the distance 
means, combined with the fact that the 
distance variations had not been 
measured in Aristarchos' time, justifies us 
in restricting ourselves to mean 
distances.) 

Synthesis 

Using Aristarchos' numerical values we 
were able to compute the Sun's distance 
as 19.11 times that of the Moon. We 
now can return to formulae (1) - (4) and 
insert the quantity Ds/Dm = 19.11, with 
the result that R£ = 0.01931 or 0^ 
= 51.79 Earth radii. We now have 
enough information to characterize the 
sizes and distances of the three bodies of 
interest. 

The numbers in the Table 2 depend on a 
handful of inputs and several 
assumptions, as shown in the notes in 
the table's last row. The assumptions 


make a difference. Were Eratosthenes's 
result not yet available to Aristarchus, the 
most recent source for him would have 
been Dicaerchos' 300,000-stade 
terrestrial circumference, raising all the 
values in columns 3, 4 and 6 by 20 
percent! Adopting a stade length other 
than 185 meters would proportionally 
affect all the values in columns 4 and 6. 

Looking at the tabulated values as they 
are, the 15-percent excess for the Earth's 
radius is a disappointment - apparently 
no better than from the simpler methods 
using horizon measurement. It appears 
that, however Eratosthenes measured the 
Alexandria-Syene terrestrial distance, it 
was too great, or perhaps his stade 
length was closer to 160 meters than 
185. 

On the other hand, the relatively 
accurate lunar parameters indicate a 
happy near-cancellation of errors - a 
three-way compensation with too small 
an umbra compensated for by too small a 
solar distance and too large a terrestrial 
radius. 

It is with the Sun's size and distance that 
we have gross disagreement with modern 
values - by a factor of 20! The reasons 
are obvious; the true deficiency of 0.15° 


Table 2. Terrestrial, Solar and Lunar Dimensions 


Quantity 

Ancient Value 

Modern 

Value 

Ancient 
Value - 
Modern 
Value 

Earth radii 

Stades*’ 

u 

E 

km'* 

% 

Earth radius 

1.000 

39,790 

7,361 

6,378 

+15.4 

Moon radius^ 

0.2260 

8,991 

1,663 

1,737 

-4.3 

Moon distance 

51.79 

2,061,000 

381,300 

384,400 

-0.8 

Sun radius^ 

4.318 

171,800 

31,780 

696,000 

-95.4 

Sun distance® 

989.7 

39,380,000 

7,285,000 

149,600,000 

-95.1 


^ Based on 0.5° angular diameter. Based on Eratosthenes’ circumference of 250,000 
stades. Based on 1 stade = 0.185 km. Astronomical Almanac for the Year 2019, pp. K6- 
K7. ® Based on Aristarchos’ stated deficiency of 3°. 
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Figure 8. The relative sizes of the Sun, Earth and Moon as possibly envisioned by 
Aristarchos, including the result of his solar-distance measurement. Relative sizes are to 
scale but distances are not. 


was just too small to estimate accurately 
with ancient measurements and, 
particularly, with naked-eye judgment of 
the moment of lunar dichotomy. 

In the most basic sense, though, the 
ranking of the sizes of the three bodies, 
the size values in Table 2 are accurate: 
Sun»Earth»Moon, as shown in Figure 
8. When converted to volumes, the 
differences among the three bodies are 
yet more striking: 80 Earths could fit into 
the Sun while 89 Moons could be fitted 
into the Earth. 

The relative motions of these three 
bodies raise at least two questions. First, 
why do we almost instantly accept that 
the Moon circles the Earth rather than 
vice versa? Perhaps this is partly 
geocentric bias, but it does seem intuitive 


that the little Moon should circle the 80- 
times larger Earth. There is also the point 
that the Earth has forced the Moon to 
have a hemisphere always directed 
toward the Earth, while the Moon has 
caused the Earth no such indignity. 

The second question is: Why, if it is 
logical that the smaller Moon circle the 
larger Earth is it not equally logical that 
the smaller Earth circle the larger Sun? 
The opposite would appear to be 
unequivocally a result of geocentric bias. 
The astronomical measurements, both 
those made by others but available to 
Aristarchos, combined with those 
originating with himself, either under the 
skies or as thought experiments, 
compelled him to see the logic of the 
heliocentric system that he proposed. 


The cosmological distance ladder ended 
with the Sun in pre-telescopic times, with 
estimates of the sizes and distances of the 
three bodies that can be seen as disks - 
Earth, Sun and Moon. Beyond these, all 
the ancients could do was to (correctly) 
rank the distances of the five remaining 
planets by ranking their synodic periods. 
Relative distances would have to wait for 
Kepler, nineteen centuries after 
Aristarchos. And the stars still lay 
beyond. 

Appendix: 

The Elastic Stade 

The stade originated as the length of the 
mnning track (dromon) in a Greek 
stadium; the first being constructed at 
Olympia c. 700 BCE with a 192-meter 
dromon. There was, however, no 
panhellenic sports commission to 
enforce standardization, so this writer 
easily was able to construct a list of 61 
Hellenic and Hellenistic stadiums, the 
length of whose running tracks ranged 
from 148 to 225 meters (mean 153.77 
m). (We note the analogy between the 
use of an ancient sports measurement to 
quantify scientific results and NASA's 
frequent reference to football fields to 
express sizes in its press releases.) 

Sometimes the stade was defined in 
terms of other ancient units, as in Table 
3. Six hundred Greek feet to the stade 
was a common conversion; the difficulty 
here being that there were three 
recognized foot sizes and we are not sure 
how closely those were adhered to. 
There is a similar problem with any 
stade:Roman mile conversion, 
particularly as in Aristarchos' time 
Roman rule had not reached east of the 
Adriatic. 

There is another approach - select the 
stade:meter conversion such that the 
ancient stade corresponds most closely to 
the modern SI (Systeme international) 
equivalent. For example, take the Earth's 
40,007,860-m polar circumference and 
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Table 3. Relation of Stades to Other Ancient Units 


Unit 

Unit SI 

Stades per 

Stade SI 

Equivalent 

Unit 

Equivalent 

Greek Foot: Attic 

0.2941 m 

1/600 

176.5 m 

Doric 

0.3269 m 

“ 

196.1 m 

Ionic 

0.3487 m 

“ 

209.2 m 

Roman Mile: Italian conversion 

1481.5 m 

8 

185.2 m 

Polybian conversion 

“ 

8-1/3 

177.8 m 

Pythian conversion 

“ 

10 

148.2 m 

Egyptian skhoinos 

6288 m 

40 

157.2 m 

Sources: Diller 1949: 8-9; Gulbekian 1987: 359-360; Pothecary 1995; Walkup 2018 


divide into it Eratosthenes's 250,000- 
stade circumference, obtaining a result of 
160.03 meters. By coincidence, that's 
close to the 157.5-m “Eratosthenian” 
stade (Sarton 1959:105), a difference of 
only 1.6 percent! Of course this is a 
classic example of circular reasoning. 
Given the large uncertainties in ancient 
angular and distance measurement, this 
procedure would simply sweep their 
problems under the rug. 

So we are faced with a variety of stades. 
In 1929, Carl Eerdinand Friedrich 
Lehmann-Hupt (1861-1938) listed 
stades ranging from 149 to 298 m 
(Lehmann-Hupt 1929). The Russian 
classicist Lev Vasilevich Firsov (1926- 
1981; Firsov 1972; cited by Nicastro 
2008:126) compared 87 stade distances 
cited by Eratosthenes and Strabo with 
modern measurements, finding a mean 
stade:meter conversion of 157.95. We 
hesitate, however, to equate 
Eratosthenes' stade with the mean of a 
sample of variable-length stades as there 
is no reason that Eratosthenes would 
have known the concept of reducing 
uncertainty through sampling; or if he 
did, whether he would have sampled 
from the same populations as have 
modern scholars. 

In Table 3, all the SI distances and sizes 
depend on the SI equivalent of 
Eratosthenes' stade; if other geodesists 
used different stades, that affects only 


comparisons of his results with those of 
other ancient authorities. Thus it is not 
surprising that a large body of literature 
has been focused on identifying the SI 
equivalent of his stade. An early 
influential paper was published 
posthumously by Jean Antoine Letronne 
(1787-1848) in 1851 (Letronne 1851: 93- 
95). Equating the stade with the Egyptian 
“skhoinos”, he advocated a stade of 157.2 
m. The quest for the stade had begun. 
Unfortunately, although Pliny described the 
skhoinos as 40 stades, he also noted that 
others defined the skhoinos as 32 stades; 
worse, Herodotus made it 60 stades. 

Heron of Alexandria 30 stades, while 
Strabo made the conversion 30-40 stades 
to the skhoinos. (All cited by Gulbekian 
1987: 360). 

The argument swung away from 
Letronne'sl57-m stade in 1985, when 
historian Donald W. Engels published a 
paper advocating a 185-m stade (Engels 
1985). Engels argued that the ancient 
authorities used a standard stade. He also 
argued that the stade used was the “Attic 
stade” of 184.98 m (600 “Attic feet” of 
308.3 mm, used at the stadium in Athens, 
and differing somewhat from the 294.1 
mm in Table 3). Engels also commented 
that this was the stade length used by 
Alexander the Great in Asia. In addition, 
Pliny (II. XX. 85) wrote “A stade is 
equivalent to 125 Roman paces, that is 
625 feet.” Taking the units cited as Roman 
feet (296 mm), the stade's SI equivalent 


would again be 185 m. Thus in compiling 
columns 4 and 6 of Table 3, we have 
chosen a 185-meter stade; we freely admit 
that this remains uncertain, but more likely 
than values much larger or much smaller. 

Appendix: 

Near Horizons 

It's possible to measure the radius of the 
Earth without having to travel to distant 
parts, using either of two methods that 
involve observation of the apparent 
horizon. (One restriction: The horizon 
should be on water - the ocean or a 
sufficiently large lake - although the 
observer may be on dry land.) 

The situation is shown in Figure 9, where: 
D = horizon dip (the angle below the 
horizontal that the apparent horizon falls), 
h = height of the observer above water 
level, r = the radius of the Earth, s = 
surface distance to horizon, and t = 
tangential distance to horizon (h, r, s and t 
are in the same units) 

The first method is to measure the distance 
to the horizon (on a map, by triangulation, 
etc.). Then, measuring the tangential 
distance, t: 

t^ = (r + h) 2 - r^ = r^ + 2rh + = 

2rh + 

since r»h, t^ ~ 2rh and 

(1) r~t2/2h 

If the over-surface distance, s, is measured, 
convert to t and use formula (1): 

(2) t ~ (s^ + h2)0.5 

And, if the horizon dip, D, is measured in 
radians: 

(3) r = 2h/D2 (Rawlins 1980: 299) 

As a hypothetical example, assume that a 
member of the Museum of Alexandria 
takes a stroll (or more likely a litter-ride) to 
the Pharos lighthouse. He (almost certainly 
a he) ascends to the top, say 110 meters 
above sea level (an altitude within the range 
of estimates of the structure's height; note 
that we will be using modern units). 
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His first estimate is the distance to the 
horizon. Looking east, past the city of 
Canopus and the Canoptic Mouth of the 
Nile, the lake, Kanopike Limne, appears to 
be at the limits of visibility. Knowing from 
surveys that the lake is about 40 km east of 
the Pharos, we estimate the Earth's radius 
as 7,273 km (formula (2), although formula 
(1) would give essentially the same result). 

Then using a level (probably a long water- 
filled trough), the sea horizon dip appears 
to be about 0.312 degree. This converts to 
5.45 X 10-3 radians and formula (3) gives 
an Earth radius of 7,407 km. 

The two results are well above the modern 
value of 6,378 km (equatorial radius. 


WGS84); by 14 and 16 percent 
respectively. However, the values supplied 
were deliberately chosen to provide a 
correct radius. What went wrong? The 
diagram and formulae assume that light 
travels in straight lines; i.e., in a vacuum. 
Actually of course we would be sighting 
through the Earth's atmosphere, and 
through air layers of differing density at 
different altitudes. The light paths would be 
curved, making the visible horizon slightly 
farther and the horizon dip slightly smaller. 
(Newcomb 1906: 198-203) 

It is unfortunate that nobody in Aristarchos' 
time had the meteorological or optical 
knowledge needed to model and correct for 
refraction. Still, errors of 14-16 percent. 


when compared with the modern earth 
radius, are not unknown for the more-often 
cited ancient applications of the terrestrial- 
arc method. For all we know, Aristotle's 
“mathematicians” may have used one of 
the horizon-based methods. 

Appendix: 

Lunar Dichotomies 

On 31 occasions during 2012-2018, the 
writer (Westfall) estimated the moment 
when the Moon appeared to be exactly at 
half-phase (dichotomy). In all cases, he 
observed with the naked eye, from 
Antioch, California, USA (37.960°N/ 
121.812°W/81 m MSL) using the criterion 
of straightness of the terminator. 

The first two columns of Table 4 give the 
UT date and time of perceived dichotomy. 
For that time and the observer's location, 
JPL's HORIZONS website was used to 
compute: “True Phase”, Terminator 
Longitude (“Term. Long.”), and the True 
Elongation of the Moon from the Sun 
(“True Elong.”; eliminating the effect of 
atmospheric refraction). From HORIZONS 
output, the writer derived “Apparent 
Elong.” (Apparent elongation; including the 
effect of atmospheric refraction), 
“Apparent Sun/Moon Distance” (based on 
Apparent elongation), “Corn Sun/Moon 
Distance” (Corrected Sun/Moon Distance; 
based on True elongation) and “True Sun/ 
Moon Distance” (the distance of the Sun in 
lunar distances). 

Beside the individual observations, when 
appropriate we have given the median, 
mean, standard deviation and standard 
error of the following sets of observations: 
“Waxing Phase” (N = 17), “Waning Phase” 
(N =14), “All Observations” (N = 31) and 
“Waxing and Waning Medians and Means 
Weighted Equally” (N = 2). 
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Figure 9. The geometric relations among the Earth's radius (r), angular horizon dip (D), 
height above water level (h), straight-line distance to horizon (t) and surface distance to 
horizon (s). 
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Table 4. Dichotomy Phase Estimates 


UT Date 

UT 

True 

Phase 

Term. Long. 

n 

Apparent 
Elong. (“) 

True Elong. 

n 

Apparent 

Sun/Moon 

Distance 

Corn Sun/ 
Moon 
Distance 

True 

Sun/Moon 

Distance 

Waxing Phase (N = 17) 

2012 Mar 31 

01:04 

.526 

-9.7 

92.80 

92.86 

- 

- 

385.2 

2012 Apr 29 

02:29 

.469 

-4.2 

86.14 

86.31 

14.8 

15.5 

393.5 

2012 Jun26 

23:43 

.489 

-3.5 

88.59 

88.61 

40.6 

41.2 

409.9 

2012 Jun27 

01:27 

.495 

-4.4 

89.21 

89.25 

72.5 

76.4 

411.1 

2012 Aug 24 

01:48 

.445 

+6.7 

83.45 

83.50 

8.8 

8.8 

412.7 

2012 Dec 19 

23:39 

.479 

+10.2 

87.33 

87.39 

21.5 

22.0 

382.1 

2013 Feb 18 

01:41 

.522 

-0.4 

92.00 

92.38 

- 

- 

372.0 

2013 Jul 16 

01:47 

.497 

-6.4 

89.46 

89.50 

106.1 

114.6 

404.3 

2013 Jul 16 

03:22 

.502 

-7.2 

89.82 

90.03 

318.3 

- 

403.5 

2013 Aug 13 

19:08 

.461 

+2.6 

85.37 

85.43 

12.4 

12.6 

407.3 

2013 Oct 12 

01:26 

.513 

-0.6 

91.14 

91.34 

- 

- 

407.3 

2014 Jan 08 

00:20 

.487 

+9.2 

88.31 

88.41 

33.9 

36.0 

389.2 

2014 Ju1 05 

02:29 

.463 

-2.0 

85.55 

85.61 

12.9 

13.1 

383.3 

2014 Sep 02 

02:26 

.462 

-2.8 

85.28 

85.47 

12.2 

12.7 

399.4 

2014 Dec 29 

00:41 

.531 

+1.0 

93.13 

93.37 

- 

- 

399.0 

2016 Jul 11 

23:14 

.501 

+2.7 

89.90 

89.93 

573.0 

818.5 

380.3 

2017Jun 30 

21:57 

.496 

+1.2 

89.37 

89.42 

90.9 

98.8 

390.2 

Median 

- 

.4970 

-0.60 

89.210 

89.250 

(72.5) 

(76.4) 

399.00 

Mean 

- 

.4905 

-0.45 

88.638 

88.754 

(42.1) 

(46.0) 

395.90 

S 

- 

±.0248 

±5.56 

±2.807 

±2.846 

- 

- 

±12.45 

SE 

- 

±.0060 

±1.35 

±0.681 

±0.690 

- 

- 

±3.02 

Waning Phase (N = 14) 

2012 Jun 11 

14:19 

.488 

+4.9 

88.46 

88.52 

37.2 

38.7 

389.4 

2012 Aug 09 

15:19 

.519 

+3.3 

91.96 

92.01 

- 

- 

380.8 

2012 Nov 06 

18:35 

.531 

-3.9 

93.37 

93.43 

- 

- 

379.6 

2013 Mar 04 

16:59 

.529 

+ 1.8 

93.09 

93.13 

- 

- 

402.8 

2013 Aug 29 

14:00 

.484 

-9.9 

87.84 

88.02 

26.5 

28.9 

382.2 

2013 Nov 25 

15:04 

.519 

-3.9 

91.69 

92.08 

- 

- 

374.8 

2014 May 21 

15:07 

.495 

+1.8 

89.20 

89.24 

71.6 

75.4 

413.1 

2014 Jun 19 

14:05 

.525 

+8.0 

92.47 

92.65 

- 

- 

412.7 

2015 Mar 13 

16:36 

.510 

-6.9 

90.99 

91.02 

- 

- 

391.1 

2016 Mar 31 

16:13 

.501 

-7.8 

89.93 

89.96 

818.5 

1432.4 

386.9 

2017 Apr 19 

15:22 

.482 

-8.7 

87.74 

87.78 

25.4 

25.8 

383.4 

2017 Jul 16 

15:48 

.523 

-4.0 

92.41 

92.42 

- 

- 

409.4 

2017 Oct 12 

16:02 

.487 

+1.6 

88.30 

88.35 

33.7 

34.7 

408.0 

2018 Feb 07 

17:18 

.499 

+5.5 

89.66 

89.69 

168.5 

184.8 

374.0 

Median 

- 

.5055 

-1.15 

90.450 

90.490 

- 

- 

388.15 

Mean 

- 

.5066 

-1.30 

90.508 

90.593 

- 

- 

392.01 

S 

- 

±.0177 

±5.84 

±2.013 

±2.026 

- 

- 

±14.28 

SE 

- 

±.0047 

±1.56 

±0.538 

±0.541 

- 

- 

±3.82 

I All OI 

bservations (N = 31) 

Median 

- 

.4970 

-0.60 

89.460 

89.500 

(106.1) 

(114.6) 

391.10 

Mean 

- 

.4977 

-0.83 

89.483 

89.584 

(110.8) 

(137.7) 

394.14 

S 

- 

±.0230 

±5.61 

±2.618 

±2.639 

- 

- 

±13.27 

SE 

- 

±.0041 

±1.01 

±0.470 

±0.474 

- 

- 

±2.38 

Waxing and Waning Medians and Means Weighted Equally (N = 2) 

Median 

- 

.5012 

-0.88 

89.830 

89.870 

(337.0) 

(440.7) 

393.58 

Mean 

- 

.4941 

-0.88 

89.573 

89.674 

(134.2) 

(175.8) 

393.96 

S 

- 

±.0051 

±0.60 

±1.322 

±1.300 

- 

- 

±2.75 

SE 

- 

±.0036 

±0.42 

±0.935 

±0.920 

- 

- 

±1.94 
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